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Abstract
Rigid QED is a renormalizable generalization of Feynman's space-time action
characterized by the addition of the curvature of the world line (rigidity). We have
recently shown that a phase transition occurs in the leading approximation of the
large N limit. The disordered phase essentially coincides with ordinary QED, while
the ordered phase is a new theory. We have further shown that both phases of the
quantum theory are free of ghosts and tachyons. In this letter, we study the rst
subleading quantum corrections leading to the renormalized mass gap equation.
Our main result is that the phase transition does indeed survive these quantum
uctuations.
 E-Mail address:(moustafa@physunc.phy.uc.edu
I- Phase Transition in Rigid Model Of QED
Recenlty we proposed a renormalizable generalization of the Feynman space-
time picture of QED [1], [2]. In this picture the dynamical variables are the space-
time position x

;  = 1; 2; :::D of the point particle and the photon eld A

. The
usual Feynman action consists of the arc-length of the world line, the Maxwell
action, and the usual point particle-Maxwell coupling. The renormalizable gen-
eralization is characterized by the addition of the scale invariant curvature of the
world line. The origin of the term rigid refers to the Boltzmann supression of
curved trajectories by the curvature.
In a subesquent article [3] we proved a conjecture in [1] and [2] that there is
phase transition in rigid QED. We found a critical line in the plane of the Coulomb
coupling verses the curvature coupling below which there is a disordered phase and
above which is a new ordered strongly coupled phase. The higher derivative na-
ture of rigid QED should cause a serious pause as any higher derivative theory is
typically pathological. Indeed, the arc-length plus the curvature term theory has
classical runaway solutions which are tachyonic. Whether a higher derivative regu-
lated quantum theory has such pathological behaviour is more subtle and depends




, has higher derivatives and ghosts. However these ghosts have mass of
order  and decouple in the continuum limit as  ! 1. In the less trivial case
of rigid QED we have shown that the ghosts have mass of order  and similarly
decouple from the continuum limit. The necessity of the decoupling mechanism
is associated with the absence of ne tuning of the curvature and the Coulomb
coupling constants. Having phase transition would be of utmost importance be-
cause this would imply that the couplings of the theory are xed by dimensional
transmutation in both the disordered and ordered phases [4].
Our proof in [3] of the phase transition was based on the leading order approx-
imation in large N, where N is the space-time dimensions. Even though, the large
N limit is a successful approximation for non-linear sigma models, and some spin
systems it can sometimes lead to an incorrect conclusion. The leading order of the
large N approximation is mean eld theory which can give incorrect predictions in
lower dimensions. For example mean eld theory incorrectly gives a phase transi-
tion in the one dimensional Ising model. This discrepency is resolved by carefully
examining the subleading quantum corrections (loops) where one shows that such
quantum corrections in fact destroy the phase transition. Therefore it is crucial to
examine the quantum loop corrections to the mass gap, and the critical line of our
model.
In this letter we will prove that the phase transition in our model of rigid
QED survives quantum uctuations and that the quantum loop corrections to the
subleading order lead to mass and wave function renormalizations. As in non-linear
sigma model [5], mass renormalization is equivalent to charge renormalization.
Thus we obtain the renormalization group equation.
2
The eective action obtained after the Guassian integration of the gauge eld
















































of a point particle of bare mass

0






j of the world line dened to be
the length of the acceleration, t
0
is a dimensionless bare coupling constant (scale































. In the arc-length gauge _x
2
= 1 we can gauge x the






































where e is an einbein to remove the square root of the acceleration, ! is a Lagrange
multiplier that enforces the constraint _x
2


















and expand the action (2) to quadratic order in x

1
();  = 1; :::D about the back-
ground straight line x
0
. The x-integration is now Gaussian and to the leading D
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is the bare mass which is a positive constant. Using the stationary

























































































which is regular at p =0. To obtain a non-zero phase transition temperature the
mass gap equation must be infra-red nite for !
0
= 0. Therefore without Coulomb
long range interactions (g
0





and the U.V stable xed point is t
c
= 0. In this case the beta function
of the pure curvature theory is asymptotically free, indicating the absence of the
curvature term at large distance scales. In contrast to the naive classical limit the
theory is therefore well behaved and free of ghosts. In [3] we calculated the poles
of the Green's function in the presence of Coulomb interactions (g
0
6= 0) using the
large D limit, and showed the absence of ghosts and tachyons in both the ordered




























where we have made the change of variable y=ap and introduced the U.V. cut-o



















will set  = 1. Notice that eq.(14) is nite except at g
0
= 0 (absence of Coulomb
interactions). The critical curve distinguishing the two phases in the (t,g) plane is
shown in Fig.1. The order parameter of the theory is the mass gap equation (14)
where !
0
is the parameter that distinguishes the two phases. In the disordered
phase !
0
> 0, while in the ordered phase it is straightforward to show that !
0
= 0.




are completely xed by
dimensional transmutation in terms of the cut-o  and !
0
. Thus, they cannot be
ne tuned. This is an important property that is vital in proving the absence of
ghosts in our model [3]. From (14) we can immediately examine whether there is
a phase transition in the pure Coulomb theory i.e ordinary QED. The curvature
term would then be absent. This corresponds to the absence of the y
3
term in






one nds in this particular case that the integral (14) diverges
implying an absence of a phase transition.
5
II- The Loop Corrected Gap Equation
In mean eld theory i.e leading order in
1
D
, the relevent propagator is equation
(12). In the subleading correction to mean eld theory, the quantum uctuation


















The new contribution (jpj) arises from uctuations of the lagrange multiplier !








Expanding the eective action in powers of , it is straightforward to extract the






















































(jq + kj+ !
0
+ V(jq + kj))
: (18)
A Taylor expansion of the self energy about zero momentum leads to mass and
wave function renormalizations and a remaining piece
~















































To examine whether there is still a phase transition i.e the infra-red nitness of the
renormalized mass gap equation eq.(21) at ! = 0, we must examine the renormal-
izability of the theory. We have seen that the typically divergent terms (0) and

0
(0) can be absorbed in mass and wave function renormalizations. This will be





(jpj) must be ultra-violet (U.V.) nite. To study this question we








































































(jpj) is a nite function of jpj. Inserting (22) into (23) one
can easily porve that 
00
(0) is ultra-violet (u.v) nite and thus 
00
(jpj) is a nite







as a! 0, one can
check that 
00
(jpj) is still U.V. nite in this limit. Due to the complexity of the long
range potential V(a; jpj) we cannot calculate 
00
(jpj) exactly. Therefore, to further
conrm whether 
00
(jpj) is indeed U.V. nite, Eq.(23) is calculated numerically for
arbitrary xed values of the cut-o a and mass !. Fig.4 depicts a three-dimensional-
surface calculation of 
00
(jpj) in the p-g plane for a particular choice of a and !.
To facilitate numerical calculations, 
00
(jpj) is plotted in the range 0 < g < g

. In
this range there are no real poles in the propagator (12) since (jpj+V(jpj)) > 0 for





(jpj) becomes more negative but always remains nite for arbitrary p.
Due to the asymptotic form of 
as
(jkj) dened in Eq.(22), care must be taken in
the numerical integration over k in (23) to avoid articial singularities in the small
k regime. Alternatively we can work out the regularized and nite self energy using































































To the rst subleading order we have therefore shown that the theory is renormaliz-
able. The renormalization group ow for the renormalized curvature coupling t and
the Coulomb coupling g can be derived from (20c) and the mass renormalization















where Z is given by:









; g) : (25b)
Having shown that
~
 is indeed nite then the loop corrected critical line of the
8
















which is Infra-red nite since by its denition
~
(0) = 0 and (26) then has the exact
behaviour as (14) at y=0. Furthermore, as long as g < g

we have shown that the
critical line (14) has no real poles. i.e (jpj+V(jpj)) > 0. The presence of
~
 will not



































(jpj) to all orders in per-
turbation theory.
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